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Market-Based Transmission Expansion Planning Under Uncertainty in 
Bids by Fuzzy Assessment   
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Abstract – In this paper, by a simple example it is shown that existing market-based criteria alone 
cannot completely and correctly evaluate the transmission network expansion from market view. 
However criteria congestion cost (CC) and social welfare (SW) together are able to correctly evaluate 
transmission network from market view and so they are adopted for the market-based transmission 
expansion planning. To simply indicate the limits of CC and SW social welfare percentage (SWP) and 
congestion cost percentage (CCP) are defined. To consider uncertainty in bids of market producers and 
consumers, and also indeterminacy in the acceptable boundaries of the SWP and CCP and their 
priorities, fuzzy assessment approach is used. In this approach, appropriate fuzzy sets and a fuzzy rule 
base are provided to evaluate the acceptability of an expansion plan. Then, the least-investment cost 
plan, which is acceptable in all probable scenarios, is searched. The proposed method is applied to an 
8-bus system.   
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1. Introduction 
 

There are several objectives for transmission expansion 
planning (TEP) in restructured power systems. The most 
important of which, are: encouraging and facilitating 
competition among electric market participants, and 
minimizing the investment cost of expansion plan. On the 
other hand, deregulation has increased uncertainties in TEP. 
The main and effective uncertainties are the uncertainty in 
bids of power producers and consumers (generators and 
loads) and the uncertainty in power demands of consumers 
in the future. Because of long list of objectives and 
uncertainties, TEP in restructured power systems is turned 
to a complex problem. Therefore, new approaches are 
needed to deal with the problem. 

In recent years, a number of researches have been done 
in the field of the TEP in restructured power systems [1] 
and [2]. Some of the items that have been regarded in these 
researches are: 

• Introducing some criteria or methods for providing 
competition environment [3-8]. 

• Introducing methods to simultaneously satisfy multiple 
criteria such as competition, reliability, investment cost, 
operational cost and congestion cost [9-15]. 

• Presenting methods for accounting uncertainties in TEP 
[3, 9, 13, 16, 17. 

• Coordination of generation and transmission expansion 

planning [16, 18] 
• Multistage transmission expansion planning [5, 19]. 
• Applying meta-heuristic optimization methods such as 

genetic algorithm [10, 14], expert system (ES) [19], 
fuzzy-set theory [9, 10], Pareto-based solution 
technique [20], Simulated Annealing [21] and LP-
Based Particle Swarm Optimization [22] to solve TEP. 

• Applying mathematical optimization approaches such 
as Benders decomposition [19, 23], “branch and 
bound” algorithm [24, 25]; and mixed-integer linear 
programming [13, 17] to solve TEP. 

• Long-term TEP [13, 26]. 
 
In this paper, first, two new criteria, i.e. the social 

welfare percentage (SWP) and the congestion cost 
percentage (CCP), are defined for TEP in restructured 
power systems. Then, by a simple example, it is shown that 
existing market-based criteria alone cannot fully and truly 
evaluate the transmission network expansion from market 
view. Therefore the criteria SWP and CCP together are 
proposed for the full and true evaluation of the market-
based transmission expansion planning. Next fuzzy sets are 
used to define linguistic values for the bids of market 
participants (producers and consumers) to sell and buy 
power, SWP, CCP and for the occurrence possibility of 
each scenario of the bids. After that, a fuzzy rule base is 
defined to evaluate the acceptability of an expansion plan. 
Then the least-investment-cost expansion plan which of 
course has to satisfy the acceptability measures in all 
probable scenarios is searched. The results of implying the 
proposed method to a typical 8-bus power system are 
illustrated. 

The paper is organized as follows. In section 2, the 
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social welfare percentage and the congestion cost 
percentage are defined. In section 3, the drawbacks of the 
already presented market-based criteria are shown by a 
simple example which is followed by a new proposal for 
the full and true evaluation of the market-based TEP. 
Section 4, contains the definition of the transmission 
expansion planning problem together with the method by 
which the problem is solved. The fuzzy evaluation of a 
transmission expansion plan is expressed in section 5, and 
in section 6, the acceptability conditions of the plan is 
stated. Section 7 is where the results of applying the 
proposed method to a test power system are presented; and 
finally, conclusions of the paper are provided. 

 
 

2. Comparison of Market-based Criteria 
 
Since transmission network in restructured power 

systems has an effective role in maintaining competition 
environment, market-based criterion for TEP is needed to 
measure how competitive an electric market is and how 
much a specific expansion plan improves competition. By 
now, several market-based criteria such as total congestion 
cost of the transmission network [3, 8, 27], standard 
deviation of the mean of the LMPs [3, 27] and Lerner 
index [6, 7] have been presented to evaluate transmission 
network from the viewpoint of market. 

In this section by a straightforward example the 
weaknesses of the following four criteria have been 
indicated: The total congestion cost of the transmission 
network (CC), Standard deviation of the LMPs (σ), Lerner 
index (LI), and maximum social welfare (SW). Appendix A 
contains the definitions for these criteria. 

 

400MW 
Bid: $11/MWh 

G1 Line1, 3 

400MW 
Bid: $12/MWh 

300MW 
Bid: $13/MWh 

G2 

G3

Line2, 3 

400MW 
Bid: $13/MWh 

 

Fig. 1. The 3-bus example power system 
 
Let us consider the 3-bus simple power system shown in 

Fig. 1. In this system, maximum capacity limits of the 
generators G1, G2 and G3 are 400 MW and the bids of the 
generators are assumed 11, 12 and 13 $/MWh respectively. 
The maximum demand of the only load of the system, 
which is connected to bus 3, is equal to 300 MW and its 
bid is 13 $/MWh. There are two transmission lines in the 
transmission network of the system. The capacity of each 
line is 100 MW. 

In order to indicate the weaknesses of the criteria, seven 
expansion cases for the transmission network of the simple 

system can be considered. Table 1 shows the seven cases. 
The transmission network in case 1 is the original 
(existing) network without any expansion. In cases 2 to 7, a 
number (one, two or three) of new 100MW-capacity 
circuits is/are added to the original network. The numbers 
of the new added circuits are shown in the second and third 
columns of the Table 1. In these columns Ni, j is the number 
of the new circuits that have been added to the line 
connected between buses i and j. The values of the capacity 
of lines, total congestion cost (CC), maximum social 
welfare (SW), Lerner index (LI) and standard deviation (σ) 
for the seven cases are given in Table 1. The calculation 
details of the values are presented in appendix A. Now by 
referring to Table 1, the comparison is stated at the 
following points: 

(a) In case 7, all of the buses have the same LMP (see 
Table 3 in appendix A), so from market view the 
network is ideal. Referring to Table 1, it can be 
observed that all the criteria of CC, SW, LI and σ in 
case 7 have their ideal values too. Therefore all the 
criteria can truly indicate the ideal improvement of 
the transmission network. 

(b) In cases 2 and 3, one new circuit is added to the 
original network (case 1), so the networks of case 2 
and 3 with respect to case 1 have been improved, 
while CC in cases 2 and 3 with respect to case 1 has 
been degraded (increased). Essentially, because the 
congestion cost of a line is the product of the 
transmitted power of the line and the LMP difference 
of the end buses of the line, as long as the LMP 
difference has not been decreased, by increasing the 
transmitted power of the line, the congestion cost 
will be increased. Therefore, in all cases, the 
congestion cost (CC) alone cannot appropriately 
indicate the improvement of the transmission 
network. It can only be a just indication factor for the 
ideal improvement. 

(c) The transmission network in case 4 has an additional 
circuit with respect to the transmission network in 
case 3. Consequently it causes a reduction in the LMP 
of bus 3, from 13 $/MWh in case 3 to 12 $/MWh in 
case 4; moreover it highly decreases the congestion 
cost in case 4 with respect to case 3. Therefore the 
network in case 4 has been improved with respect to 
case 3. But it is observed that the maximum social 
welfare (SW) in case 4 with respect to case 3, in spite 
of the expectation, has been remained constant. The 
same trend is valid for cases 5 and 6. On the other 
hand, the value of SW in case 6 is at its maximum 
value and so it is expected that the network in case 6 is 
in its ideal form, but it is observed that in case 6, 50% 
of SW includes congestion cost. Consequently, the 
case whose network is ideal is not 6. However with a 
precise assessment, it can be indicated that the case 7 
is ideal. Therefore, in all the cases, the criterion of 
“maximum social welfare (SW)” alone cannot 
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indicate the improvement of the transmission 
network and achieving to the ideal network 
appropriately. 

 
Table 1. The values of market based criteria for the 

different expansion cases of the transmission 
network of the 3-bus power system 

Case 
No. N1, 3 N2, 3 

L1, 3 
Cap. 

L2, 3 
Cap. CC SW LI σ 

1 0 0 100 100 300 300 0.083 1 
2 0 1 100 200 400 400 0.083 1 
3 1 0 200 100 500 500 0.083 1 
4 1 1 200 200 200 500 0.057 0.577
5 0 2 100 300 100 400 0.057 0.577
6 2 0 300 100 300 600 0.057 0.577
7 3 0 400 100 0 600 0 0 

 
(d) Each one of the transmission networks in cases 2 and 

3 has one additional circuit with respect to the 
transmission network in case 1. It has led to increase 
the maximum social welfare (SW) and improve the 
network of the system. But in spite of our 
expectation, standard deviation (σ) and Lerner index 
(LI) in these three cases have remained unchanged 
and they do not reveal any improvement. 
Furthermore, despite having different expansion 
forms of the network in cases 4, 5 and 6, Standard 
deviation (σ) and Lerner index (LI) have unfavorably 
remained constant in these cases. Only in ideal case 7, 
these two criteria achieve their ideal values, i.e. zero. 
Therefore, in all cases, none of the Standard 
deviation and Lerner index alone can indicate the 
improvement of the transmission network 
appropriately. They can truly indicate only the ideal 
case in the transmission network expansion. 
Essentially, because these two criteria are obtained 
from LMPs, they will not change unless there is/are 
some alteration(s) in the LMPs. 

(e) By improving the transmission network in cases 1 to 
7, in Table 1, it can be seen that the congestion cost 
(CC) is decreased and the social welfare (SW) is 
increased until they reach their ideal values (zero and 
600 respectively) in ideal case 7. So the CC and SW 
together can indicate the transmission network 
improvement appropriately. In other words, if an 
expansion plan has smaller CC and simultaneously 
higher SW, it will be more desirable. To come to the 
point, the criteria CC and SW together can 
appropriately and truly evaluate transmission network 
from market view and so they are proposed for the 
market-based transmission expansion planning. 
Furthermore by specifying or limiting the values of the 
CC and SW criteria, transmission planner can 
determine to what extent the transmission expansion 
plan will provide competition in the corresponding 
market. 

3. Definitions of the SWP and CCP 
 
In the previous section it was shown that the criteria of 

CC and SW together can appropriately and truly evaluate 
transmission network from market view and so they are 
proposed for the market-based transmission expansion 
planning. In this section two criteria which have shown CC 
and SW as percentages are defined. By these percentages 
the limits of CC and SW can be simply indicated. So Eqs. 
(1) and (2) indicate the formal definitions for “social 
welfare percentage” and “congestion cost percentage” 
respectively: 

 

 
Rl

Id

SWSWP
SW

=  (1) 

 
Rl

RI

CCCCP
SW

=  (2) 

 
where SWP is the social welfare percentage; RlSW  and 

IdSW  are the maximum social welfare for the under study 
and an ideal transmission networks respectively. CCP is 
the congestion cost percentage. CCRl is the congestion cost 
for the under study transmission network. The ideal 
transmission network is a network which has no capacity 
limitations and thus it does not cause congestion. Therefore 
in the ideal transmission network, all of the buses have the 
same LMPs, congestion cost is zero and the maximum 
social welfare ( IdSW ) has its highest value. In the ideal 
case, RlSW  reaches to the IdSW  and consequently the 
maximum value of the SWP is 1. Because the congestion 
cost ( RlCC ) is a component of the maximum social 
welfare ( RlSW ), the maximum value of the congestion cost 
is equal to the maximum social welfare. Thus the minimum 
and maximum values of the congestion cost percentage 
(CCP) are zero and 1 respectively.  

For the calculation of CCP and SWP, the LMPs of the 
buses and generation power of the generators and load 
powers are needed. The LMPs and the powers can be 
calculated using appendix A in [28]. 

 
 

4. Transmission Planning Procedure 
 
First some terms which will be used in the procedure 

need to be defined as follows: 
- Expansion plan: In this paper it is assumed that a 

transmission line is made up of one or more parallel and 
similar circuits. In a transmission network, there are some 
existing or new transmission lines to which one or more 
circuits can be added. A transmission expansion plan is a 
combination of these new circuits that can be offered to 
expand the transmission network. Different expansion 
plans can be suggested. The purpose of this paper is to find 
the optimum expansion plan under conditions of new 
candidate lines given. 
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- Uncertainties in bid: In this paper, it is assumed that the 
exact amounts of the bid of each generator to sell 
power ( GC ) and the bid of each consumer to buy 
power ( DC ) are not specified, but the maximum and 
minimum of these bids are assumed to be specified. In 
other words, it is assumed that the bid of each 
generator (producer) to sell power up to its maximum 
available capacity may be changed within a specified 
interval ( min maxG G GC C C≤ ≤ ). Furthermore, the bid of 
each consumer (load) to buy power up to its maximum 
demand may be changed within a specified interval 
( min maxD D DC C C≤ ≤ ). In the next section, a fuzzy 
membership function is defined for each one of the 
uncertainties. 

- Scenario: Each one of the uncertainties (the bids of 
generators and consumers) may have various values. 
Each combination of these possible value-per-
uncertainty units is called a scenario. In each scenario, 
the values of the generation and load powers are 
determined according to market rules. 

- Acceptable expansion plan: In this study, an expansion 
plan is evaluated by an appropriateness index. If the 
appropriateness index of an expansion plan in all 
possible uncertainty scenarios has an acceptable value, 
the plan will be an acceptable one. The appropriateness 
index and its range of acceptable values are defined in 
the next section. 

- Optimal expansion plan: Among the various acceptable 
expansion plans, the least-investment-cost acceptable 
plan is defined as optimal expansion plan. In fact, the 
TEP problem is to find the optimal expansion plan. 

Now the mathematical formulation of our TEP problem 
is introduced as follows: 

 

 ( )
P

Minimize Inv p  (3) 
 
Subject to: 
 

 ( )APP p A=  (4) 
 

where p is one of the candidate expansion plans whose 
investment cost (Inv(p)) must be minimized. APP(p) is the 
appropriateness index of the plan p which must be 
acceptable (A). The appropriateness (APP) is the fuzzy 
output of a fuzzy rule base which is based on three fuzzy 
variables including PS (the occurrence possibility of an 
uncertainty scenario), SWP and CCP. APP has two 
linguistic expressions, acceptable (A) and unacceptable (U). 
The definitions of the fuzzy variables (PS, SW and CCP), 
the fuzzy output (APP) and the method to determine APP 
and its range of acceptable values are stated in the next 
sections. 

The planning procedure is carried out in the following 
steps: 

Step 1. All of the probable expansion plans in ascending 

order of their investment cost are sorted. 
Step 2. Through the sorted plans, the first (least-

investment cost) plan for evaluation is selected which is 
called "current plan". 

Step 3. By using the simulated annealing (SA) algorithm, 
the current plan in fuzzy space over different scenarios is 
evaluated to obtain the minimum value of the 
appropriateness for all possible scenarios. See appendix B 
for detail of simulated annealing algorithm. 

Step 4. Based on the minimum value of the 
appropriateness index, the current plan is marked as 
acceptable or unacceptable. 

Step 5. In case the current plan was an unacceptable one, 
the next plan from the list of the sorted plans would be 
selected as a new current plan and there would be a loop 
back to step 3. But if the current plan was acceptable, the 
current plan would be introduced as the final optimal 
expansion plan. 

Fig. 2 shows the flowchart of the planning procedure. 
It has to be mentioned that because of the infinity of the 

number of scenarios it is impossible to evaluate the whole 
set. This is reason the SA algorithm is utilized to determine 
the minimum value of the appropriateness index. 
Advantageously, the SA algorithm enables us to obtain the 
minimum value of the appropriateness index by evaluating 
a small number of scenarios. Furthermore, since we have 
appropriateness index for a distinct scenario per iteration in 
the SA algorithm in step 3, the unacceptability of the 
current plan can be generally identified in a few initial 
iterations. Therefore the further evaluation of the expansion 
plans will be terminated very quickly. 

 
 

5. Fuzzy Evaluation of a Transmission Expansion 
Plan 

 
As mentioned above, the proposed transmission 

planning procedure will find the most low-cost expansion 
plan which is also acceptable from view point of the 
maximum social welfare percentage (SWP) and the 
congestion cost percentage (CCP) in different scenarios of 
bid producers and consumers. Bids values of producers and 
consumers usually are not exactly identified in the future 
but there is a vague knowledge of them. In addition, the 
boundaries of the acceptable and unacceptable values of 
the criteria, SWP and CCP, are not accurately known. The 
priorities of these criteria are not accurately determined. 
But the boundaries and priorities of these criteria can be 
stated with vague linguistic expressions. For example, the 
social welfare percentage (SWP) is more desirable to be 
high while the congestion cost percentage (CCP) is needed 
to be low for more likely bids (bids with the higher 
occurrence possibility); or as another example, the medium 
values of the SWP and CCP may be acceptable for less 
likely bids (bids with the less occurrence possibility). 
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Fig. 2. The flowchart of the proposed planning procedure. 

 
Because fuzzy sets are a suitable framework to model 

vague information and criteria, as well as decision-making 
with these vague information and criteria, in this study, the 
expansion plans are evaluated using the Fuzzy decision-
making method. The method has three phases including 
fuzzification, fuzzy reasoning and defuzzification which 
will be expressed separately below. 

 
5.1 Fuzzification 

 
First, each uncertainty (bids of the producers and 

consumers) is considered as a fuzzy variable; so a fuzzy set 
with the trapezoidal membership function for each of the 
variables is defined. For instance, Fig. 3 shows the 
trapezoidal membership function for the uncertainty C 
which is the bid of a participant (producer or consumer) to 
the electricity market. The figure shows the linguistic 
description: "the bid of the fuzzy variable C is in the 
interval [c1, c4], but its occurrence in the interval [c2, c3] is 
likely". In brief, the function μC(x) indicates that at what 
degree the fuzzy variable C gets the real value of variable x. 

We define the linguistic variables of SWP and CCP for 
the criteria, the maximum social welfare percentage (SWP) 
and the congestion cost percentage (CCP), respectively; 
where each of which, has three corresponding linguistic 

expressions (fuzzy sets). The linguistic expressions are low 
(L), medium (M) and high (H) that indicate the amounts of 
low, medium and high SWP or CCP. The membership 
functions of the low (L), medium (M) and high (H) are 
defined according to Fig. 4. The four parameters a1, a2, a3 
and a4 in the figure shall be determined by the hands of 
experts. 

 

 
Fig. 3. Typical membership function of an input variable. 

 

 
Fig. 4. The membership functions of the Low, Medium and 

High for the variables SWP and CCP. 
 
To enter the effect of the membership functions of the 

uncertainties (bids of the producers and consumers) 
another fuzzy variable is defined which is called the 
occurrence possibility of an uncertainty scenario, briefly 
possibility of scenario (PS). The PS value is obtained by 
the Eq. (5). 

 
 1 1min{ , , , , , }Cg CgNg Cd CdNdPS μ μ μ μ= L L        (5) 

 
where μCgi is the value of the bid membership function of 
producer (generator) i; μCdj is the value of the bid 
membership function of consumer j; Ng is the number of 
generators and Nd is the number of consumers. 

 

 
Fig. 5. The membership functions Low and High for the 

occurrence possibility of an uncertainty scenario 
(PS). 

 
The fuzzy variable of PS is defined as Fig. 5. It has two 

linguistic expressions called low (L) and high (H). The 
membership functions of the linguistic expressions defined 
in this figure determine that the occurrence possibility of 
an uncertainty scenario is high or low. Thus the decision 
could be different in the scenarios with the low occurrence 
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possibility with respect to the scenarios with the high 
occurrence possibility.  

Now to perform the fuzzification for a specific 
expansion plan in a specific uncertainty scenario, for 
example scenario s, the following steps are to be done: 

Step 1. Considering the values of the uncertainties in 
scenario s and their membership functions that were 
defined in Fig. 3, the values of membership μCgi and μCdj 
for all uncertainty variables are to be defined. 

Step 2. Using Eq. (5), the value of the occurrence 
possibility of scenario s (i.e. PS) is to be obtained. 

Step 3. Using the function indicated in Fig. 5, the value 
of the membership function μPS for the value of PS 
obtained in previous step is to be determined. 

Step 4. Considering the uncertainty values in scenario s 
and implementing the OPF of appendix A in [28], the 
values of social welfare percentage (SWP) and the 
congestion cost percentage (CCP) is to be calculated. 

Step 5. Using the membership function definitions in Fig. 
4, the values of the membership functions of the fuzzy sets 
Low (L), medium (M) and high (H) for the fuzzy variables 
of SWP and CCP for the under study expansion plan are to 
be determined. 

Thus the values of the all membership functions will be 
obtained. 

 
5.2 Fuzzy reasoning  

 
First the appropriateness of an expansion plan (APP) is 

considered as a fuzzy output; for which, two linguistic 
expressions, acceptable (A) and unacceptable (U), are 
defined. Fig. 6 shows the membership functions of the 
linguistic expressions for the output variable. 

 

 
Fig. 6. The membership functions Acceptable and Unaccep- 

table for the output variable (Appropria- teness). 
 
Now for fuzzy reasoning, the fuzzy rule base according 

to the Mamdany model is being introduced. The three 
criteria PS, SWP and CCP for the fuzzy decision-making 
and determining the fuzzy output will be used; the criterion 
PS has two linguistic values and each one of the criteria of 
SWP and CCP has three linguistic values. Therefore the 
linguistic values form 18 different combinations. Then a 
rule base with the 18 fuzzy rules is being defined as 
follows: 

 
Rule 1: If <PS is H> and <SWP is H> and <CCP is L> 

Then <APP=A> 
Rule 2: If <PS is L> and <SWP is H> and <CCP is L> 

Then <APP=A> 
Rule 3: If <PS is L> and <SWP is H> and <CCP is M> 

Then <APP=A> 
Rule 4: If <PS is L> and <SWP is M> and <CCP is L> 

Then <APP=A> 
Rule 5: If <PS is L> and <SWP is M> and <CCP is M> 

Then <APP=A> 
Rule 6-18: Otherwise Then <APP=U> 
 
Only in 5 rules of the above fuzzy rule base, the fuzzy 

output (the appropriateness of the expansion plan) has 
acceptable (A) value and in the 13 residual rules, the fuzzy 
output has unacceptable (U) value. In rules 1 and 2 where 
SWP is high and CCP is low, the expansion plan provides 
the best competitiveness condition; therefore the expansion 
plan will be accepted regardless of whether the occurrence 
possibility of the corresponding uncertainty scenario (PS) 
is high or low. In rules 3 to 5, because the occurrence 
possibility of the corresponding uncertainty scenario is low, 
the medium values for the SWP and CCP have been 
accepted and consequently the appropriateness of the 
expansion plan is acceptable for the scenario. 

After fuzzification and determining the values of fuzzy 
input variables for the under study expansion plan, fuzzy 
inference is performed using the above rule base and 
according to the Mamdani model. In this fuzzy inference, if 
two or more rules have nonzero values, the union of them 
will be considered in accordance with the Mamdani model. 

 
5.3 Defuzzification  

 
The appropriateness value obtained from fuzzy inference 

is one of the linguistic values (A or U) or their union. But 
the evaluation index, which is needed to evaluate an 
expansion plan by the SA algorithm, should be a crisp or 
non-fuzzy value. Therefore, the crisp value of the 
appropriateness (APP) is computed using one of the 
existing defuzzification methods. Here the “Center of 
Gravity” method is used for the defuzzification. Thus the 
crisp value of the appropriateness (APP) of an expansion 
plan, which is a number between zero and one, is obtained 
as the evaluation index. If the index value is higher than 
0.5, the expansion plan for the under study scenario will be 
recognized as an acceptable plan; while if it is less than 0.5, 
the expansion plan for the scenario will be recognized as an 
unacceptable one. 

 
 
6. Determining the Acceptability of Expansion 

Plans 
 
As noted earlier, in this study each expansion plan in 

each scenario is evaluated by the appropriateness index. If 
the appropriateness index value of an expansion plan in all 
probable uncertainty scenarios is in appropriateness 
acceptable range (greater than 0.5), the plan will be 
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introduced as an acceptable plan. But there are unlimited 
numbers of scenarios, so it is not possible to calculate the 
appropriateness index in all of the scenarios. Hence, first it 
is tried to obtain the lowest value of the appropriateness 
index. It is clear that if the lowest value is greater than 0.5, 
the appropriateness index value of the plan in all probable 
uncertainty scenarios is greater than 0.5 and thus the plan 
will be acceptable. Therefore the simulated annealing (SA) 
algorithm is used to search the lowest value of the 
appropriateness index. Summary of the SA algorithm can 
be seen in Appendix B. Applying the SA algorithm only a 
small number of the scenarios are need to be evaluated to 
obtain the lowest value of the appropriateness index. The 
algorithm usually will not be trapped at the local optimal 
points of the problem and it can potentially obtain the 
global optimum. To apply the SA algorithm for 
determining the lowest value of the appropriateness index, 
the following points are mentioned: 

(a) To execute the SA algorithm, scenarios must be 
coded first. Here, each uncertainty scenario is coded 
by an ns dimensional vector of decimal numbers (say 
vector X), where ns is the number of the uncertainties. 
Each element of vector X depends on one of the 
uncertainties (a bid) and can vary in the correspon- 
ding uncertainty interval. Each value of the vector X 
indicates a distinct numerical combination of all 
uncertainties, and therefore it shows a scenario of 
uncertainties. 

(b) To execute the SA algorithm, the evaluation function 
(performance index) must be also determined. 
Therefore, to determine the lowest value of the 
appropriateness index, the value of the appropria- 
teness index of the under-evaluation transmission 
network at scenario X is defined as the evaluation 
function of the scenario X. The simulated annealing 
algorithm searches the minimum value of the 
evaluation function. 

(c) According to the SA algorithm, in each iteration of 
the algorithm a new solution is generated to evaluate. 
The generated new solution must be in the 
neighborhood of the solution of the previous iteration. 
Here to generate the new solution around the 
previous solution X, Nc elements of vector X are 
changed where Nc is a random number up to 50% of 
the elements of vector X. The amount of changing 
each element is also a random number which is up to 
10% of the interval of the element. 

(d) In each iteration of the simulated annealing 
algorithm, if the value obtained for the appropria- 
teness index (evaluation function) is less than 0.5, the 
simulated annealing algorithm will be stopped and 
the related expansion plan will be introduced as an 
unacceptable plan. Usually most of the unacceptable 
expansion plans will be determined in a few initial 
iterations; so further evaluation of the expansion 
plans is terminated very quickly. 

7. Case Study 
 
The proposed method in this paper is applied to a sample 

8-bus power system [9, 27, 28]. Fig. 7 shows the single-
line diagram of the system. It has to be mentioned that 
lines 1 to 11 are the lines of the original system and lines 
12 to 23 are the new lines which may be constructed. In 
Fig. 7, the existing lines are depicted by solid lines and the 
new lines are illustrated by dashed lines. The 
characteristics of the generators, loads, the original and 
new lines of this system are given in appendix C. 

 

 
Fig. 7. The diagram of the 8-bus system. 

 
To consider possible expansion plans, it is assumed that 

it is possible to add up to three new circuits to the original 
network so that each new circuit is similar to one of the 
existing or new lines. Thus 2600 expansion plans are 
obtained; which were sorted in ascending order of their 
investment cost. Thereafter each plan is evaluated in its 
turn from view point of satisfying market-based criteria. 

Now, the optimum expansion plan will be searched 
within the following three cases. 

Case 1: In this case, the membership function of each 
uncertainty (bid of a producer or consumer) has been 
selected so that each uncertainty will change up to ±10 
percent of its predicted value. Fig. 8(a) shows the 
membership function of each uncertainty for this case. 
Although the membership function of the SWP and the 
CCP have been selected so that strict conditions will be 
prepared to support competition in the market. Figs. 9(a) 
and 10(a) show the membership functions of the SWP and 
the CCP respectively. 

Case 2: In this case, the membership function of each 
uncertainty has been selected like case 1, but the SWP and 
the CCP have been considered less strict compared to case 1. 
Fig. 8(a) shows the membership function of each uncer- 
tainty and Figs. 9(b) and 10(b) show the membership 
functions of the SWP and the CCP respectively for this 
case. 

Case 3: In this case, the membership function of each 
uncertainty has been selected so that each uncertainty will 
change up to ±20 percent of its predicted value. Fig. 8(b)  
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shows the membership function of each uncertainty for this 
case. But the membership functions of the SWP and the 
CCP have been considered like case 2 (less strict). Figs. 
9(b) and 10(b) show the membership functions of the SWP 
and the CCP respectively. 

The obtained optimum expansion plans in the three 
cases are given in Table 2 and shown in Fig. 11. The results 
in Table 2 show that the optimal expansion plan in case 1, 

 
(a) 

 

 
(b) 

Fig. 8. The membership function of each uncertainty (bid of
each producer or consumer): (a) for cases 1 and 2;
(b) for case 3. 

 

 
(a) 

 

 
(b) 

Fig. 9. The membership functions of the Low, Medium and 
High for variable SWP: (a) for case 1; (b) for cases
2 and 3. 

 

 
(a) 

 

 
(b) 

Fig. 10. The membership functions of the Low, Medium
and High for variable CCP: (a) for case 1; (b) for 
cases 2 and 3. 

(a) 
 

(b) 
 

(c) 

Fig. 11. The diagram of the obtained optimum expansion 
plans for (a) case 1, (b) case 2 and (b) case 3. 
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where the strict conditions are considered, has two new 
circuits on lines 4 (between buses 2 and 3) and 21 (between 
buses 6 and 3) with investment cost 0.32 per unit; But in 
case 2, where the less strict conditions are considered, the 
optimal expansion plan has no new circuits (the original 
network) and its investment cost has been reduced to zero. 
Although the competitiveness conditions in case 3 are still 
less strict as the ones in case 2, but because the interval of 
the uncertainty changes has grown, the optimal expansion 
plan in case 2 includes just one circuit on line 12 (between 
buses 1 and 3) which led to an increase in the investment 
cost of the optimal plan with respect to case 2, raising it up 
to 0.15 per unit. Thus the investment cost of optimal plan 
has been increased by increasing the interval of the 
uncertainty changes or by increasing the limits of 
acceptable competitiveness. 

The last row of table 2 shows the order number of the 
optimum plan among the list of the sorted plans. Note that 
the number of studied plans is quite low in all the three 
cases. 

 
 

Table 2. The parameters and optimum expansion plan for 
three cases of the network of the 8-bus power 
system 

Case 1 2 3 

Optimum Plan N2,3=1& N6,3=1 Original 
Network N1,3=1 

Investment Cost of Optimum 
Plan 0.32 0 0.15 

Investment Plan Order 
Number 52 1 5 

 
 
 

8. Conclusions 
 
In this paper, first it was shown that none of the criteria: 

the total congestion cost of the transmission network (CC), 
Standard deviation of the LMPs (σ), Lerner index (LI), and 
maximum social welfare (SW), alone is able to completely 
and truly evaluate the transmission network expansion, 
from market view. But CC and SW criteria together can 
appropriately and truly evaluate transmission network from 
market view and so they are proposed for the market-based 
transmission expansion planning. To simply indicate the 
limits of CC and SW, the social welfare percentage (SWP) 
and congestion cost percentage (CCP) were defined. Then 
by defining fuzzy sets for the bids of market participants, 
SWP, CCP and the occurrence possibility of each scenario 
of the bids and by defining a fuzzy rule base, we could 
successfully evaluate the acceptability of each expansion 
plan. So the least-investment-cost expansion plan, which is 
acceptable in all probable scenarios, was searched and 
introduced as optimal plan. The results of applying the 
proposed method to a typical 8-bus and 23-line power 
system were illustrated. 

Appendix  
 

A. details of the market-based criteria calculation 
for the 3-bus example system 

 
According to the reference [3], Definitions of σ and CC 

are as flows: 
 

 2

1

1 ( )
1

Nb

i av
i

LMP LMP
Nb

σ
=

= −
− ∑           (6) 

 1 2 2, 1
1

( )
Nl

k k k k
k

CC LMP LMP P
=

= −∑        (7) 

 
Where σ is the standard deviation of the LMPs of the 
buses; LMPi is the locational marginal price of bus i; 
LMPav is the average of the LMPs of all buses and Nb is 
the number of the buses of the network. CC is the total 
congestion cost of all lines; indexes k1 and k2 are the 
numbers of the end buses of line k. Pk2, k1 is the transmitted 
power of line k from bus k2 to bus k1; and Nl is the total 
number of lines of the network. 

According to the definition of [6], the Lerner index is 
defined by Eq. (8):  

 

 av uncong

av

LMP LMP
LI

LMP
−

=               (8) 

 
where LI is the Lerner index; LMPav is the average of the 
locational marginal prices of all buses and LMPuncong is the 
LMPs of all buses while there is no congestion or in other 
words while the capacity of the lines are unlimited. 

SWP is obtained by Eq. (1) after solving the optimal 
power flow stated in appendix A of [28] and calculating the 
generation and load powers. 

The values of the bids of generators (CG1, CG2, and CG3) 
and the bid of the load (CD3) are:  

 
 1 2 3 311 12 13 13G G G DC C C C= = = =  

 
Table 3. The values of the powers and LMPs for the seven 

expansion cases of the network of the 3-bus 
system 

Case PG1 PG2 PG3 LMP1 LMP2 LMP3 LMPav Pline1,3 Pline2,3

1 100 100 100 11 12 13 12 100 100
2 100 200 0 11 12 13 12 100 200
3 200 100 0 11 12 13 12 200 100
4 200 100 0 11 12 12 11.667 200 100
5 100 200 0 11 12 12 11.667 100 200
6 300 0 0 11 12 12 11.667 300 0 
7 300 0 0 11 11 11 11 300 0 

 
Table 3 gives the values of generation powers of 

generators (PG1, PG2 and PG3), locational marginal prices of 
the buses (LMP1, LMP2 and LMP3), the average of the 
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locational marginal prices of all buses (LMPav) and the 
transmitted power of the lines (Pline1,3 and Pline2,3) in each 
case of the seven discussed cases of the 3-bus simple 
example in section 2. Essentially, these values are 
calculated by solving the optimal power flow stated in 
appendix A of [28] but for this simple example these values 
can be determined evidently. The LMP of each bus can be 
evidently determined by this definition that it equals the 
cost of supplying next MW of load at that bus. 

The load value of bus 3 (PD3) is 300 MW at all the seven 
cases. 

In the ideal network where the capacity of lines are 
assumed unlimited, there is no congestion cost and LMPs 
of all buses are the same. In this case, the generation 
powers of the generators, the load power and the LMPs of 
the buses are as follows:  

 

 1 2 3

1 2 3 3

11

300 0 300

Id Id Id
uncong

Id Id Id Id
G G G D

LMP LMP LMP LMP

P P P P

= = = =

= = = =
  

 
Now by aforementioned data, σ, LI and SWP for the 

seven cases can be calculated. The results are given in table 
1. 

 
B. Simulated annealing algorithm 

 
The simulated annealing algorithm is summarized below 

[21]: 
Step 1. Select an initial solution x0 in the solution space 

X and set the iteration counter ITC at zero. 
Step 2. Evaluate x0 computing the evaluation function 

f(x0). 
Step 3. Assign x0 to xopt and f(x0) to f(xopt). The index opt 

denotes the best solution identified so far. 
Step 4. Sample a new solution in neighborhood of the 

current solution at iteration ITC, and compute the 
evaluation function f(xITC). 

Step 5. Testing 
a) If f(x) ≤ f(xITC ) then assign x to xITC. 
b) If f(x) ≤ f(xopt), then assign x to xopt and f(x) to f(xopt). 
c) Else, get a random number rp in [0, 1] and compute 

the probability of accepting worse solutions at iteration 
ITC by (9): 

 

 
( ) ( )

( ) exp ITCf x f x
rp ITC

T
−⎛ ⎞= ⎜ ⎟

⎝ ⎠
          (9) 

 
where: T is the control parameter that is called system 
temperature in analogy with the original application of 
annealing. 

d) if rp≤rp(ITC), assign x to xITC+1. 
Step 6. End if a stopping rule is reached; otherwise, let 

ITC= ITC+1 and go back to step 4. 
Along the algorithm, the temperature (T) is lowered in a 

slow pace. Usually, the temperature evolves by levels, 

meaning that each one is used during a fixed number of 
iterations. After that, the temperature is lowered by a 
coefficient α, which is inferior but usually close to 1.0. 

 
C. Characteristics of the typical 8-bus power system 

 
The characteristics of the transmission lines, generators, 

and loads of the 8-bus system are given in tables 4, 5 and 6. 
It has to be mentioned that lines 1 to 11 are the lines of the 
original system and lines 12 to 23 are the new lines which 
may be constructed. The investment cost of each circuit is 
considered proportional to its capacity. The base for the 
powers is 1000 MW. 

 
Table 4. Line specifications of the 8-bus power system 

Line 
Num.

From 
bus 

To 
Bus

Reactance 
(P.U.) 

Capacity 
(MW) 

Investment Cost 
(P.U.) 

1 1 2 0.030 280 0.28 
2 1 4 0.030 140 0.14 
3 1 5 0.0065 380 0.38 
4 2 3 0.010 120 0.12 
5 3 4 0.030 230 0.23 
6 4 5 0.030 200 0.20 
7 5 6 0.020 300 0.30 
8 6 1 0.025 250 0.25 
9 7 4 0.015 250 0.25 
10 7 8 0.022 340 0.34 
11 8 3 0.018 240 0.24 
12 1 3 0.013 150 0.15 
13 1 7 0.0135 160 0.16 
14 1 8 0.014 160 0.16 
15 2 7 0.010 120 0.12 
16 2 8 0.018 200 0.20 
17 4 8 0.030 200 0.20 
18 5 3 0.015 150 0.15 
19 5 7 0.030 350 0.35 
20 5 8 0.025 280 0.28 
21 6 3 0.018 200 0.20 
22 6 7 0.020 230 0.23 
23 6 8 0.017 190 0.19 
 

Table 5. Generator specifications of the 8-bus power 
system 

Gen. Num. Bus 
Num.

Min. Gen. 
(MW) 

Max. Gen. 
(MW) Bid ($/MWh)

1,1 1 0 110 14 
1,2 1 0 100 15 
3 3 0 520 25 
4 4 0 250 30 
5 5 0 600 10 
6 6 0 400 20 
7 7 0 200 20 

 
Table 6. Load specifications of the 8-bus power system 

Bus Num. Min. Dem. (MW) Max. Dem. (MW) Bid ($/MWh)
2 0 300 30 
3 0 300 32 
4 0 300 35 
6 0 250 28 
8 0 250 35 
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