Quantum Mechanics_electric dipole moment

In physics, the electric dipole moment is a measure of the separation of positive and

negative electrical charges in a system of electric charges, that is, a measure of the

charge system's overall polarity. The Sl units are Coulomb-meter (C m). This article is

limited to static phenomena, and does not describe time-dependent or dynamic

polarization.

Elementary definition

Animation showing the Electric field of an electric dipole. The dipole consists of two
point electric charges of opposite polarity located close together. A transformation
from a point-shaped dipole to a finite-size electric dipole is shown.

A molecule of water is polar because of the unequal sharing of its electrons in a "bent"
structure. A separation of charge is present with negative charge in the middle (red
shade), and positive charge at the ends (blue shade).
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In the simple case of two point charges, one with charge + g and the other one with
charge —g, the electric dipole moment p is:
p=gqd

where d is the displacement vector pointing from the negative charge to the positive

charge. Thus, the electric dipole moment vector p points from the negative charge to
the positive charge. An idealization of this two-charge system is the electrical point

dipole consisting of two (infinite) charges only infinitesimally separated, but with a

finite p.

Electric dipole p and its torque Tin a uniform E field.

An object with an electric dipole moment is subject to a torque T when placed in an
external electric field. The torque tends to align the dipole with the field, and makes
alignment an orientation of lower potential energy than misalignment. For a spatially

uniform electric field E, the torque is given by:[1]
T=pxE,

where p is the dipole moment, and the symbol "Xx" refers to the vector cross product.

The field vector and the dipole vector define a plane, and the torque is directed normal

to that plane with the direction given by the right-hand rule.
Expression (general case)

More generally, for a continuous distribution of charge confined to a volume V, the
corresponding expression for the dipole moment is:

p(r) = [ plro) (v — 1) ',
Vv
where r locates the point of observation and @?ro denotes an elementary volume in V.
For an array of point charges, the charge density becomes a sum of Dirac delta

functions:
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N
= Z Q't'é(r - rt'}!
i=1

where each r;is a vector from some reference point to the charge g. Substitution into
the above mtegratlon formula provides:

f)—z%f rg —1;) (ro — 1) dal'q}—zq:

This expression is equwalent to the previous expression in the case of charge
neutrality and N = 2. For two opposite charges, denoting the location of the positive
charge of the pair as r; and the location of the negative charge as r- :

p(r)

= qu(r1 — 1)+ q2(rs —r) = g(ry — 1) —g(r- —r) =¢(ry —r_) = ¢d,
showing that the dipole moment vector is directed from the negative charge to the

positive charge because the position vector of a point is directed outward from the

origin to that point.

The dipole moment is most easily understood when the system has an overall neutral
charge; for example, a pair of opposite charges, or a neutral conductor in a uniform
electric field. For a system of charges with no net charge, visualized as an array of

paired opposite charges the relation for electric dipole moment is:

p(r) = Z /qt ro — (r; +d;)) — 8(ro — 1;)] (ro — 1) d®ry
=l td v (r )

N N
= Z g:d; = Z Pi .
i=1 i=1

which is the vector sum of the individual dipole moments of the neutral charge pairs.
(Because of overall charge neutrality, the dipole moment is independent of the
observer's position r.) Thus, the value of p is independent of the choice of reference
point, provided the overall charge of the system is zero.

When discussing the dipole moment of a non-neutral system, such as the dipole
moment of the proton, a dependence on the choice of reference point arises. In such
cases it is conventional to choose the reference point to be the center of massof the
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system, not some arbitrary origin.[2] It might seem that the center of charge is a more
reasonable reference point than the center of mass, but it is clear that this results in a
zero dipole moment. This convention ensures that the dipole moment is an intrinsic

property of the system.
Potential and field of an electric dipole

&

An electric dipole potential map. In blue negative potentials while in red positive ones.
An ideal dipole consists of two opposite charges with infinitesimal separation. The
potential and field of such an ideal dipole are found next as a limiting case of an
example of two opposite charges at non-zero separation.

Two closely spaced opposite charges hav%a potential of the form:

¢(r) =

Ameplr —ry|  Ameplr—r_|
with charge separation, d, defined as

d=r, —r_,
The position relative to their center of mass (assuming equal masses), R, and the unit
vector in the direction of R are given b]¥{:

R=r- ﬁ R=—,
2 R

Taylor expansion in d/R (see multipole expansion and quadrupole) allows this

potential to be expressed as a series.[31[4] A
. 1 gd-R d? 1 R
s(R)=—2L""Z10 ( ) P

Ame, R2 R2) " Amey R2
where higher order terms in the series are vanishing at large distances, R, compared
to d.[5] Here, the electric dipole moment p is, as above:

p=qd.

The result for the dipole potential also can be expressed as:[6]

. 1
¢(R) = —P'vm :

which relates the dipole potential to that of a point charge. A key point is that the
potential of the dipole falls off faster with distance R than that of the point charge.
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The electric field of the dipole is the negative gradient of the potential, leading to:[6]
p_%p R p

T AmegR?T AmeR3

Thus, although two closely spaced opposite charges are not quite an ideal electric

dipole (because their potential at short distances is not that of a dipole), at distances

much larger than their separation, their dipole moment p appears directly in their

potential and field.

As the two charges are brought closer together (dis made smaller), the dipole term in

the multipole expansion based on the ratio d/R becomes the only significant term at

ever closer distances R, and in the limit of infinitesimal separation the dipole term in

this expansion is all that matters. As dis made infinitesimal, however, the dipole

charge must be made to increase to hold p constant. This limiting process results in a

"point dipole".

Dipole moment density and polarization density

The dipole moﬁurfnent of an array of charges,
P = Z q:d; |
i=1

determines the degree of polarity of the array, but for a neutral array it is simply a
vector property of the array with no information about the array's absolute location.
The dipole moment density of the array p(r) contains both the location of the array and
its dipole moment. When it comes time to calculate the electric field in some region
containing the array, Maxwell's equations are solved, and the information about the
charge array is contained in the polarization densityP(r) of Maxwell's equations.
Depending upon how fine-grained an assessment of the electric field is required, more
or less information about the charge array will have to be expressed by P(r). As
explained below, sometimes it is sufficiently accurate to take P(r) = p(r). Sometimes a
more detailed description is needed (for example, supplementing the dipole moment
density with an additional quadrupole density) and sometimes even more elaborate
versions of P(r) are necessary.

It now is explored just in what way the polarization density P(r) that entersMaxwell's
equations is related to the dipole moment p of an overall neutral array of charges, and
also to the dipole moment density p(r) (which describes not only the dipole moment,

but also the array location). Only static situations are considered in what follows,
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so P(r) has no time dependence, and there is noDisplacement current. First is some

discussion of the polarization density P(r). That discussion is followed with several
particular examples.
A formulation of Maxwell's equations based upon division of charges and currents into

"free" and "bound" charges and currents leads to introduction of the D- andP-fields:
D=gE+P,

where P is called the Polarization density. In this formulation, the divergence of this

equation yields:
and as the divergence term in E is the tota/ charge, and pris "free charge", we are left
with the relation:
V-P= —%
with pp as the bound charge, by which is meant the difference between the total and
the free charge densities.
As an aside, in the absence of magnetic effects, Maxwell's equations specify that
VxE=0,
which implies
Vx(D-P)=0,
Applying Helmholtz decomposition:[7]
D-P=-Vyg,
for some scalar potential ¢, and:
?(D—P)ZCG?E:pf—l—pb:—?ztp .
Suppose the charges are divided into free and bound, and the potential is divided into
Y =95+ ¥ .

Satisfaction of the boundary conditions upon ¢ may be divided arbitrarily

between ¢rand ¢, because only the sum ¢ must satisfy these conditions. It follows
that P is simply proportional to the electric field due to the charges selected as bound,
with boundary conditions that prove convenient.[8][9] In particular, when no free
charge is present, one possible choice is P = & E.

Next is discussed how several different dipole-moment descriptions of a medium

relate to the polarization entering Maxwell's equations.
Medium with charge and dipole densities

As described next, a model for polarization moment density p(r) results in a

polarization
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P(r) = p(r)
restricted to the same model. For a smoothly varying dipole moment distributionp(r),
the corresponding bound charge density is simply

P(r) = Ph;

as we will establish shortly via integration by parts. However, if p(r) exhibits an abrupt
step in dipole moment at a boundary between two regions, V - p(r) results in a surface
charge component of bound charge. This surface charge can be treated through a
surface integral, or by using discontinuity conditions at the boundary, as illustrated in
the various examples below.
As a first example relating dipole moment to polarization, consider a medium made up
of a continuous charge density p(r) and a continuous dipole moment
distribution p(r). I_lThe potential at a position ris:[11][1 2|

e

dmeg It — 1p|?

where p(r) is the wunpaired charge density, and p(r) is the dipole moment
density.[13] Using an identity:

r—Tg
Vi

1]|r—r‘;.| B T — 1g)?

the polarization integral can be transformed:

1 [p(rg)-(r—l‘u)darﬂ_ 1 /(rﬂ)?m| |d31'.|}.

dmeg Ir — 1|3 dme

% /v’ﬂ'(p I'ﬂ*)|1:' |)Ef3rg 1 Vo p(rﬂ}da ro,
— I

dmeg diey T — 1y

The first term can be transformed to an integral over the surface bounding the volume
of integration, and contributes a surface charge density, discussed later. Putting this
result back into the potential, and ignorlng the surface charge for now:

. . 1 P(I'D} - rn P(I'.u.}
o(r) = 4?1’50/ T — 1y dro .

where the volume integration extends only up to the bounding surface, and does not

include this surface.

The potential is determined by the total charge, which the above shows consists of:
Protal (To) = p(re) — Vg p(ro) |

showing that:

—VroP(Ta) = pp
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In short, the dipole moment density p(r) plays the role of the polarization densityP for
this medium. Notice, p(r) has a non-zero divergence equal to the bound charge density
(as modeled in this approximation).
It may be noted that this approach can be extended to include all the multipoles:
dipole, quadrupole, etc.[14][15] Using the relation:

V-D=pf,
the polarization density is found to be:

P{r):pdip_v'Pquad+--- 1
where the added terms are meant to indicate contributions from higher multipoles.
Evidently, inclusion of higher multipoles signifies that the polarization density P no
longer is determined by a dipole moment density palone. For example, in considering
scattering from a charge array, different multipoles scatter an electromagnetic wave
differently and independently, requiring a representation of the charges that goes

beyond the dipole approximation.[16]
Surface charge
e i e R |

2 666G
& & @
PEEREERE
009 &
DO E

&

A uniform array of identical dipoles is equivalent to a surface charge.

Above, discussion was deferred for the first term in the expression for the potential
due to the dipoles. Integrating the divergence results in a surface charge. The figure at
the right provides an intuitive idea of why a surface charge arises. The figure shows a
uniform array of identical dipoles between two surfaces. Internally, the heads and tails
of dipoles are adjacent and cancel. At the bounding surfaces, however, no cancellation
occurs. Instead, on one surface the dipole heads create a positive surface charge, while
at the opposite surface the dipole tails create a negative surface charge. These two
opposite surface charges create a net electric field in a direction opposite to the

direction of the dipoles.
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This idea is given mathematical form using the potential expression above. The

[ (ot g L [ T,

T — 1y dmeg T — 1y

potential is:
¢(r) =

Using the divergence theorem, the divergence term transforms into the surface

dmeq

integral:

1
4/ Vo ( P )

. I‘.D qu].
4?1'54} Ir —1o|

with dAo an element of surface area of the volume. In the event that p(r) is a constant,

only the surface term survives:

1 1
' = -dAg .
o(r) 4:?50/ |r — 1| P 0

with dAo an elementary area of the surface bounding the charges. In words, the

potential due to a constant p inside the surface is equivalent to that of a surface
charge

=p-dA
which is positive for surface elements with a component in the direction of p and
negative for surface elements pointed oppositely. (Usually the direction of a surface
element is taken to be that of the outward normal to the surface at the location of the
element.)
If the bounding surface is a sphere, and the point of observation is at the center of this
sphere, the integration over the surface of the sphere is zero: the positive and negative
surface charge contributions to the potential cancel. If the point of observation is off-
center, however, a net potential can result (depending upon the situation) because the
positive and negative charges are at different distances from the point of
observation.[17] The field due to the surface charge is:

1 1
Er)=——V, [ — p-dA, .
(x) 4?T£gv [|r—r{,| P o

which, at the center of a spherical bounding surface is not zero (the fie/ds of negative
and positive charges on opposite sides of the center add because both fields point the

same way) but is instead :[18]
E=——.

35‘4}
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If we suppose the polarization of the dipoles was induced by an external field, the

polarization field opposes the applied field and sometimes is called adepolarization

field.[19][20] In the case when the polarization is outside a spherical cavity, the field in

the cavity due to the surrounding dipoles is in the samedirection as the

polarization.[21]

In particular, if the electric susceptibility is introduced through the approximation:
p(r) = cox(r)E(r)

where £, in this case and in the following, represent the external field which induces

the polarization.
Then:

V. p(r) = V- (x(r)eoE(r)) = —ps .
Whenever x(r) is used to model a step discontinuity at the boundary between two
regions, the step produces a surface charge layer. For example, integrating along a
normal to the bounding surface from a point just interior to one surface to another

point just exterior:

. . . . 1
coft - [x(ry)E(ry) — x(ro)E(r_)] = T/dﬂn pr =10,

where A,, (, indicate the area and volume of an elementary region straddling the
boundary between the regions, and IAla unit normal to the surface. The right side
vanishes as the volume shrinks, inasmuch as py, is finite, indicating a discontinuity in £
and therefore a surface charge. That is, where the modeled medium includes a step in
permittivity, the polarization density corresponding to the dipole moment density
p(r) = x(r)E(r)

necessarily includes the contribution of a surface charge.[22][23][24]

A physically more realistic modeling of p(r) would have the dipole moment density
drop off rapidly, but smoothly to zero at the boundary of the confining region, rather
than making a sudden step to zero density. Then the surface charge will not
concentrate in an infinitely thin surface, but instead, being the divergence of a
smoothly varying dipole moment density, will distribute itself throughout a thin, but

finite transition layer.
Dielectric sphere in uniform external electric field
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&
Field lines of the D-field in a dielectric sphere with greater susceptibility than its
surroundings, placed in a previously-uniform field.[25] The Field lines of the E-
field (not shown) coincide everywhere with those of the D-field, but inside the sphere,
their density is lower, corresponding to the fact that the E-field is weaker inside the
sphere than outside. Many of the external E-field lines terminate on the surface of the

sphere, where there is a bound charge.

The above general remarks about surface charge are made more concrete by
considering the example of a dielectric sphere in a uniform electric field.[26][27]The
sphere is found to adopt a surface charge related to the dipole moment of its interior.
A uniform external electric field is supposed to point in the z-direction, and spherical-
polar coordinates are introduced so the potential created by this field is:

(o = —Foz = —FE. 1T cosf .
The sphere is assumed to be described by a dielectric constant «, that is,

D = xeE

and inside the sphere the potential satisfies Laplace's equation. Skipping a few details,

the solution inside the sphere is:
¢ = Arcosfl |

while outside the sphere:
. C

¢ = | Br + — ) cosf .
r

At large distances, ¢- — ¢« S0 B= -E. . Continuity of potential and of the radial
component of displacement D = keo£ determine the other two constants. Supposing

the radius of the s§here is R,

1
A=-—"F - c="""F R,
K+ 2

K+ 2

As a consequence, the potential is:
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. k—1R?
P> = (_T—FH—I—QF) E:}GCDSE!

which is the potential due to applied field and, in addition, a dipole in the direction of
the applied field (the z-direction) of dipole moment:

K —1
:45 R3 E:}G'I
P ?TD(.H}—I—Q ) ;

or, per unit volume:

p r—1
— =3¢ E. .
v “(Hz)

The factor (x-1)/(x+2) is called the Clausius—Mossotti factor and shows that the

induced polarization flips sign if ¥ < 1. Of course, this cannot happen in this example,
but in an example with two different dielectrics «is replaced by the ratio of the inner
to outer region dielectric constants, which can be greater or smaller than one. The

potential inside the sphere is:

qb{ - _ﬁ'r + 2
leading to the field inside the sphere:

3 K—1
N :—E:}o: 1 - Ex,,
Vo< K42 ( ﬁ:—l—Q) '

showing the depolarizing effect of the dipole. Notice that the field inside the sphere

Ercosf |

is uniform and parallel to the applied field. The dipole moment is uniform throughout

the interior of the sphere. The surface charge density on the sphere is the difference

between the radial field components:

K—1 .

g = 3eg :
K

This linear dielectric example shows that the dielectric constant treatment is equivalent
to the uniform dipole-moment model and leads to zero charge everywhere except for

the surface charge at the boundary of the sphere.
General media

If observation is confined to regions sufficiently remote from a system of charges, a
multipole expansion of the exact polarization density can be made. By truncating this
expansion (for example, retaining only the dipole terms, or only the dipole and
quadrupole terms, or etc.), the results of the previous section are regained. In

particular, truncating the expansion at the dipole term, the result is indistinguishable
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from the polarization density generated by a uniform dipole moment confined to the
charge region. To the accuracy of this dipole approximation, as shown in the previous
section, the dipole moment density p(r) (which includes not only p but the location
of p) serves as P(r).

At locations /nside the charge array, to connect an array of paired charges to an
approximation involving only a dipole moment density p(r) requires additional
considerations. The simplest approximation is to replace the charge array with a model
of ideal (infinitesimally spaced) dipoles. In particular, as in the example above that
uses a constant dipole moment density confined to a finite region, a surface charge
and depolarization field results. A more general version of this model (which allows the
polarization to vary with position) is the customary approach using electric
susceptibility or electrical permittivity.

A more complex model of the point charge array introduces an effective mediumby

averaging the microscopic charges;[20] for example, the averaging can arrange that
only dipole fields play a role.[28][29] A related approach is to divide the charges into
those nearby the point of observation, and those far enough away to allow a multipole
expansion. The nearby charges then give rise to /ocal field effects.[18][30]In a
common model of this type, the distant charges are treated as a homogeneous
medium using a dielectric constant, and the nearby charges are treated only in a dipole
approximation.[31] The approximation of a medium or an array of charges by only
dipoles and their associated dipole moment density is sometimes called the point
dipole approximation, the discrete dipole approximation, or simply the dipole

approximation.[32][331[34]
Dipole moments of fundamental particles

Much experimental work is continuing on measuring the electric dipole moments
(EDM) of fundamental and composite particles, namely those of

the neutron andelectron. As EDMs violate both the Parity (P) and Time (T) symmetries,

their values yield a mostly model-independent measure (assuming CPT symmetry is

valid) ofCP-violation in nature. Therefore, values for these EDMs place strong
constraints upon the scale of CP-violation that extensions to the standard

model of particle physics may allow.
Indeed, many theories are inconsistent with the current limits and have effectively been

ruled out, and established theory permits a much larger value than these limits,
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leading to the strong CP problem and prompting searches for new particles such as

the axion.
Current generations of experiments are designed to be sensitive to
thesupersymmetry range of EDMs, providing complementary experiments to those

done at the LHC.
Dipole moments of Molecules

Dipole moments in molecules are responsible for the behavior of a substance in the

presence of external electric fields. The dipoles tend to be aligned to the external field
which can be constant or time-dependent. This effect forms the basis of a modern

experimental technique called Dielectric spectroscopy.

Dipole moments can be found in common molecules such as water and also in
biomolecules such as proteins.[35]

By means of the total dipole moment of some material one can compute the dielectric
constant which is related to the more intuitive concept of conductivity. If Mot is the
total dipole moment of the sample, then the dielectric constant is given by,

e = L+ k(M2,)

where kis a constant and<

M-'E[:;.t} = {M'Tot{t - D)M'Tot{f‘ - D}}

correlation function of the total dipole moment. In general the total dipole moment

is the time

have contributions coming from translations and rotations of the molecules in the
sample,

M'Tot = M'Tra.ns + MR-:-I‘,-
Therefore, the dielectric constant (and the conductivity) has contributions from both
terms. This approach can be generalized to compute the frequency dependent
dielectric function.[36]
The dipole moment of a molecule can also be calculated based on the molecular

structure using the concept of group contribution methods.[37
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‘?Etpfzﬂ.
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