Removing the tilt from a visual binary's orbit
In most cases, we will NOT see the orbit of a binary star face-on; and that means that
we can't use the observed orbit to derive the mass of the system. Rats.
Remember that our plan is to use some form of Kepler's Third Law, like this:

It's easy to measure the period P: we just wait for the secondary to complete one
revolution around the primary. The more revolutions we observe, the more precisely
we can measure P. But the semi-major axis a of the orbit is the problem. Unless we
observe the orbit face-on, we won't see the true semi-major axis, and so we can't
calculate the true total mass M of the system.
So, the question is, given the observed orbit of the secondary around the primary, like
this:

how can we un-do the tilt and recover the semi-major axis a? In addition, we might
(for some purposes) want to determine exactly the axis of rotation and the amount of
tilt, in order to recover the exact orientation of the real orbit in space.
This is a problem which has occupied astronomers for several centuries. There are
many different approaches, some designed for particular circumstances, others more
general. You can read about some of them in the references listed at the end of this
lecture. I will show here one of the simplest methods, a graphical one which can be
performed with nothing more than a ruler and pencil.
A little background: the eccentric circle
Given any ellipse, we can draw its eccentric circle by making the circle which


has the same center as the ellipse



has a radius equal to the semi-major axis of the ellipse

In other words, the eccentric circle circumscribes the given ellipse.

Now, if we start with an ellipse of e = 0.8 and its eccentric circle,

and subject them both to an arbitrary tilt (in this case i = 60 degrees) around an
arbitrary line of nodes (in this case tilted by ω = 30 degrees relative to the true major
axis), we create two new projected ellipses:

Note that the true foci of the orbit, shown as red dots, no longer appear along the
principal axes of the projected ellipse. Also note several properties of the projected
eccentric circle:


its principal axes no longer line up with those of the projected orbital ellipse



but it does still share its center with the projected orbital ellipse



it touches the projected orbital ellipse at two points; the line connecting these
points is parallel to the line of nodes

We call the projected version of the eccentric circle the auxiliary ellipse or eccentric
ellipse which goes together with the projected orbital ellipse. We are going to use this
auxiliary ellipse extensively in our work below.
Step 1: sketch the apparent ellipse of the orbit

The first step is to plot the measurements of separation and position angle onto a
piece of paper. They should define an ellipse.

Step 2: find projection of semi-major axis, and true eccentricity
Now, in the true orbit, we can draw a straight line connecting the center of the true
ellipse, the location of the primary star (at one focus), and the perihelion of the
secondary. This line lies along the major axis of the true orbit.
Yes, it would be more accurate to use the term "periastron", but I'd rather stick to
familiar terms right now.

The ratio of (center-to-focus) to (center-to-perihelion) is simply
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Now, these three points (center, focus, perihelion) remain colinear in the projected
ellipse, and retain their relative positions. That means that we can draw this line on the
projected ellipse:

The ratio of the lengths CS to CA will again yield the eccentricity of the true ellipse, e.
That was easy! But the next bits involve more work...
Step 3a: calculate the constant k
We are going to draw the projection of the eccentric circle, that is, the auxiliary ellipse.
It will take several steps.
The first thing to do is to calculate a constant value, k, based on the eccentricity e of
the true orbit.

Step 3b: draw the projection of the minor axis of the orbit

Next, we draw the projection of the minor axis of the true orbit. Despite being
projected, the major and minor axes of the true orbit remain conjugate. That means
we can draw the minor axis like so:


pick any chord on the observed ellipse which is parallel to the projected major
axis



bisect the chord



extend the line running from the middle of the chord through the center of the
observed ellipse so that it intersects the observed ellipse

This line, marked M-M in the figure above, is the projection of the minor axis of the
true orbit.

Step 3c: project outwards to define the auxiliary ellipse
We're ready to build the auxiliary ellipse graphically. It will take a bit of repetitive
actions, but each one is pretty simple. We can mark a single point on the auxiliary
ellipse by doing this:


pick any point X on the projected ellipse



draw a line parallel to the true minor axis from X to the projection of the true
major axis



measure the length of this line; call it d



extend this line outside the ellipse so that its length is kd, where k is the
constant you determined back in step 3a

If we repeat this procedure at different locations around the projected ellipse, we can
build up a set of points which define the auxiliary ellipse.

We can now connect the dots to draw the auxiliary ellipse.

Note that the auxiliary ellipse


shares the same center as the projected orbit



touches the projected orbit on the projected major axis



may have principal axes rotated relative to the projected orbit's principal axes

Step 4: find the true semimajor axis a of the orbit
Once you have drawn the auxiliary ellipse, measure its semimajor (α) and semiminor
(β) axes.

Now, recall that the auxiliary ellipse is a projection of the eccentric circle. The eccentric
circle had the same radius as the true orbit's semimajor axis a. When we tilted it, we
squished that circle into an ellipse ... EXCEPT along the axis of rotation. So the longest
diameter of the auxiliary ellipse must still be the same as the original radius of the
eccentric circle; but that's also the same as the semimajor axis a of the true orbit. To
make a long story short, the semimajor axis α of the auxiliary ellipse is the same as
the semimajor axis a of the true orbit!
At this point, if all we desire is the total mass of the binary star system, we can quit;
after all, we now have the true semimajor axis a of the binary star orbit, which we can
plug into Kepler's Third Law.
Step 5: find the inclination angle i
Again consider the eccentric circle we drew around the true orbit. When the circle is
tilted by the inclination angle i, it becomes squished into an ellipse. The maximum
amount of squishing occurs perpendicular to the axis of rotation, where the original
radius a shrinks by a factor cos(i) and turns into the semiminor axis (β) of the auxiliary
ellipse. The minimum amount of squishing, as mentioned above, occurs along the axis
of rotation: the original radius a is unchanged and exactly the same as the semimajor
axis (α) of the auxiliary ellipse.
In other words,
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Aha! We can calculate the inclination angle i from the ratio of the semimajor and
semiminor axes of the auxiliary ellipse.
Step 6: find the line of nodes
The last thing we need to know to recover the orientation of the true orbit in space is
the axis around which the orbit has been tilted by the inclination angle. Another name
for this axis is the line of nodes. How can we describe this? And how can we recover it
from the observed orbit?
Go back to the original orbit, observed face-on. Let the the line of nodes be shown as
the line connecting the Ω; it always runs through the position of the primary star, S.

We can define an angle, ω (omega), as the angle between the perihelion vector and the
line from the primary star to the nearer node N.

This angle is called the argument of perihelion.
How can we find this angle in the observed orbit? Let's return to our diagram of the
observed orbit and auxiliary ellipse.

As mentioned above, the longest axis of the auxiliary ellipse is the only diameter of the
eccentric circle not squished by the tilt of the orbit to our line of sight. Since that tilt

was made around the line of nodes, that means that the major axis of the auxiliary
ellipse is parallel to the line of nodes.
So, the line which is parallel to the major axis of the auxiliary ellipse, and which passes
through the primary star S, must be the line of nodes. Let's draw this line on the
projected orbit.

Now zoom in on the portion of the orbit close to perihelion. The line of nodes meets
the projected orbit at a location we'll call Ω (capital Omega). In this projected view, we
can measure the angle from node Ω to the primary star S and back to the perihelion A;
call this angle λ.

This isn't quite what we want, because we're looking on a projected version of the true
orbit. If we correct for the tilt, we can recover the true argument of perihelion:

Summary
Phew. That's it. We now know the following properties of the true binary orbit:


eccentricity e



semimajor axis a



inclination angle i



the line of nodes Ω



argument of perihelion ω

These are five of the seven parameters which completely describe an orbit. The
remaining two are the period P and the time of perihelion passage T, which we can
determine based on the times associated with all the observations.

Remember, if all we want is the total mass of the two stars, all we need to calculate
is a.

Source: http://spiff.rit.edu/classes/phys440/lectures/fix_tilt/fix_tilt.html

