International Journal of Chemical and Biological Engineering 6 2012

Role of Viscosity Ratio in Liquid-Liquid Jets
under Radial Electric Field
Siddharth Gadkari and Rochish Thaokar

Abstract—The effect of viscosity ratio (λ, defined as viscosity
of surrounding medium/viscosity of fluid jet) on stability of
axisymmetric (m=0) and asymmetric (m=1) modes of perturbation
on a liquid-liquid jet in presence of radial electric field (E0 ), is
studied using linear stability analysis. The viscosity ratio is shown to
have a damping effect on both the modes of perturbation. However
the effect was found more pronounced for the m=1 mode as
compared to m=1 mode. Investigating the effect of both E0 and λ
simultaneously, an operating diagram is generated, which clearly
shows the regions of dominance of the two modes for a range of
electric field and viscosity ratio values.
Keywords—liquid-liquid jet, axisymmetric
asymmetric perturbation, radial electric field
I.

E

There are few studies which have explicitly considered
viscosity of both jet and surrounding, however, limit their
discussion to particular values of viscosity ratio [26]–[31] and
have not considered the effect of arbitrary viscosity ratio on
the different modes of perturbations.
In the present work, we consider a charged liquid jet issuing
into another immiscible liquid and subjected to radial electric
field. Relative motion between the two fluids is considered
zero. We concentrate on the case of high Ohnesorge
number (Oh; a dimensionless parameter representing the
ratio of viscous and interfacial tension forces), and use
linear stability analysis to study the effect of viscosity
ratio on the axisymmetric and asymmetric instability of a
viscous jet (a perfect conductor) submerged in another viscous
fluid ( perfect dielectric) subjected to radial electric field. The
high Oh limit which has been assumed in this work can be
easily satisfied for highly viscous electrified jets. Also it is
valid in the study of stability of neutrally buoyant liquid
bridges immersed in an outer bath of another immiscible liquid
in the presence of electric field [32]–[34]. This type of flow is
also encountered in polymer phase separation, where liquid
droplets of one of the phases nucleate out and grow and are
stretched in extensional flows. Phase separation &
morphology under electric field would then depend upon the
stability of such threads [35]. The theory developed in the
current work, can thus be useful to study all the above
interesting systems.

perturbation,

INTRODUCTION

liquid jets or threads have been widely studied
in fluid mechanics. However the same cannot be said
about immersed liquid jets, where a jet of liquid is submerged
in another immiscible liquid of finite viscosity. In such a
case, the viscosity ratio of the jet and the medium fluid (λ =
µ medium /µ jet) plays an important role in determining the
stability of the system. Also, systems involving immersed jets
when subjected to electric fields are now attracting increasing
attention. An important occurrence is the electrodispersion of
a conducting liquid jet submerged in an immiscible dielectric
liquid and subjected to electric field [1]–[3]. A steady
“cone- jet” can be realized for a range of system parameters,
which can undergo axisymmetric or asymmetric instabilities
[4]–[7]. The technique is now used to generate emulsions
with narrow distributions of droplet sizes controllable in the
range from micrometers to tens of nanometers [4], [8].
LECTRIFIED

II. FORMULATION OF THE PROBLEM

There is extensive literature available on both experimental
and theoretical investigation of liquid jet breakup, with or
without the presence of electric field and several review
articles have discussed the topic in ample detail [9]–[11].
Although considerable work has been done on the effect of
electric field on jet instabilities, the effect of surrounding
medium has not been adequately addressed. The studies in the
literature for a jet under radial electric field have either
considered the inviscid jet limit (λ = ∞) [12]–[14] or looked
at a viscous jet (λ = 0) in an inviscid medium [15]–[25].

Consider an infinitely long cylindrical jet of radius a of
an incompressible liquid with viscosity µ i, immersed in an
immiscible fluid of viscosity µ e. The subscript i denotes inside
fluid jet whereas subscript e stands for outside surrounding
medium. The fluid jet is a charged conductor with dielectric
constant εi, characterized by zero field inside, surface potential
ψs and charge σs whereas the outside medium is a perfect
dielectric with dielectric constant εe. The jet is subjected to
radial electric field of strength E0.
A. Governing Equations
The governing equations of motion for the system are given
by

Siddharth Gadkari is a Phd student of the IITB-Monash Research
Academy, IIT Bombay, Mumbai 400076 India (phone: +91-9769066819; email: sidgadkari@iitb.ac.in).
Rochish Thaokar is Associate Professor at Department of Chemical
Engineering, IIT Bombay, Mumbai 400076 India (phone: +91 (22) 2576
7241; email: rochish@che.iitb.ac.in

ɶ ⋅ vɶ = 0
∇
j

 ∂vɶ j
ɶ vɶ  = −∇
ɶ pɶ + µ ∇
ɶ 2 vɶ + ρɶ Eɶ
+ vɶ j ⋅∇
j
j
j
j
cj j
ɶ
t
∂



ρ

102

(1)
(2)

International Journal of Chemical and Biological Engineering 6 2012

write the boundary conditions as

where j is set as i for the inner fluid and e for the outside fluid.
E is the electric field; v is the velocity field, p the pressure, ρcj
is the free charge density and ρ is the fluid density in the bulk.
The tilde represents dimensional quantities.
In the absence of any free charge i.e. ρc = 0, the potential
(φ) is described by

ɶ φɶ = 0
∇
j
2

n ⋅ (vi (r ,θ , z , t ) − vo (r ,θ , z , t )) = 0
t1 ⋅ (vi (r ,θ , z , t ) − vo (r ,θ , z , t )) = 0

(3)

and E = −∇φ
The above governing equations are non-dimensionalized
using the following scaling: the distance is scaled by a, the
time by µ iaγ, the velocities are scaled by γ/µ i and the stresses
and the pressure by γ/a, where γ represents the interfacial
surface tension between the jet and the surrounding fluid. The
scaling for potential and electric field are,

γ a / (ε eε 0 )

and

γ / (aε eε 0 ) respectively,

t2 ⋅ (vi (r ,θ , z , t ) − vo (r ,θ , z , t )) = 0
∂F (θ , t )
n ⋅ vi (r ,θ , z , t ) −
=0
∂t
n ⋅ (τ i (r ,θ , z , t ) + τ ie (r , θ , z , t ) − τ o (r ,θ , z , t )
−τ oe (r ,θ , z , t )) ⋅ n + H (θ , t ) = 0

t1 ⋅ (τ i (r , θ , z , t ) + τ ie (r , θ , z , t ) − τ o (r , θ , z , t )

−τ oe (r ,θ , z , t )) ⋅ n = 0
t2 ⋅ (τ i (r , θ , z , t ) + τ ie (r ,θ , z , t ) − τ o (r , θ , z , t )

−τ oe (r ,θ , z , t )) ⋅ n = 0

where ε0 is the permittivity of free space.

(9)
(10)
(11)
(12)

(13)

(14)

(15)

where, n, is the unit normal and t1 and t2 are the mutually
orthogonal unit tangent vectors respectively.

Using the above scaling, we get,

∇ ⋅vj = 0

(4)


1  ∂v j
+ v j ⋅∇v j  = −∇p j + c j ∇ 2v j
2 
(Oh j )  ∂t


(5)

∇ 2φ j = 0

(6)

where Ohj

= µi / ( ρ j aγ )1/2

(Ohnesorge number)

C. Linear Stability Analysis (LSA)
In LSA a typical variable f is expressed as,

f = fm + δ f '

(16)
where f m is the base state (steady state value) and f ' is
the perturbation variable δ being a small parameter. The
analysis is conducted to O(δ).

and
The perturbed quantity

c j = µe / µi or 1 for the inner jet or outer medium
respectively. The viscosity ratio µ e /µ i is represented by λ.
In the present work, we specifically look at the case of
very high Oh, Stokes flow conditions, which as described
in the introduction are common in many industrial processes
and biological systems. These conditions are satisfied for flow
systems with highly viscous fluid jet and/or for very small
diameter cylindrical jets.

f ' is

f ' = f (r ) ∫ ds ∫ dk ∫ dm ei ( kz + mθ )+ st ,
k and m are the n o n - dimensional a xi a l a n d
a z i m u t h a l wavenumbers and s is the dimensionless
growth rate.
The perturbed shape of the interface is given by

Equation 5 is thus reduced to,

F (θ , t ) = 1 + δ D ei ( kz + mθ )+ st

0 = −∇p j + c j ∇ v j
2

(7)

(17)

where 1 is the non-dimensional cylinder radius and D is a
constant.

B. Boundary Conditions
The electrostatic boundary condition at the interface of
the conductor jet and the dielectric surrounding is given by
constant potential φɶ = φɶ , where the non-dimensional surface

The curvature at the perturbed interface is given by

H = 1 − δ D(1 − m 2 − k 2 ) ei ( kz + mθ ) + st

The hydrodynamic boundary conditions are the continuity
of velocity and the force balance at the interface. We use the
definitions of the unit normal and the unit tangents to the

(18)
where the mean curvature of the cylinder is given by 1.
Similarly all the other quantities, such as the pressure p,
velocity components (vr , vθ , vz ) and the potential φ for both
inside and outside fluid are decomposed into a base part and
a perturbation part. These quantities when substituted back
into the governing equations provide eigen functions for the
different perturbations variables.

interface and the velocity vector v = vr er + vθ eθ + vz ez to

The complete Eigen functions for the potential are directly

s

potential is given by

φi = φo = ψ s = φɶs /

(

γɶaɶ / ε 0

)

(8)

103

International Journal of Chemical and Biological Engineering 6 2012

obtained by using potential boundary conditions,

φi = ψ s

asymmetric m = 1 mode was derived. As previously
observed [39]–[41], the asymmetric mode was found to be
stable (-ve growth rate) for all values of k, at zero electric field.
For m = 1 mode, the growth rate expression for a jet in a nonviscous medium (λ → 0) is,

(19)

φe = ψ s − E0 ln r + δ

E0 D
K m (kr ) ei ( kz + mθ ) + st
K m (k )

(20)

The boundary conditions are applied at the unknown interface F(θ,t) and the value of a typical variable f is obtained
from the unperturbed interface as

s=

 ∂f 
f ( r =1+ D ) = f ( r =1) +  t  δ D ei ( kz + mθ )+ st
 ∂r  r =1

( kγ ( −2k 2 + k (5 + k 2 )c − 2(1 + k 2 )c 2 + 2kc3 )
2(−2k 3 + k 2 (9 + k 2 )c − 12kc 2 − (−4 + k 4 + 4k 2 )c3 )

(24)

where c = I1 (k)/I0 (k).

Substituting the eigen functions in the boundary conditions,
one can assemble all the equations in a matrix form as
MX=0 where matrix M would be a function of s, k, m, E
and λ, and X would be a column matrix made up of all the
constants. The matrix equation MX= 0 has a non-trivial
solution only when the Det[M] = 0. Solving the determinant
of M and equating it to zero gives the dispersion relation,
azimuthal wavenumbers along with other operating
parameters. The dispersion relation is fairly long and
complicated and hence is not shown here. The different
elements of the matrix ’X’ are provided in the Appendix.
III. RESULTS AND DISCUSSION
A. Validation
To validate our problem formulation and solution procedure,
we first compare our results with relevant expressions that have
been previously reported in the literature for specific values of

2) With Radial Electric Field
The expressions of growth rate for axisymmetric and
asymmetric perturbations on a viscous conducting jet, in
an immiscible viscous dielectric surrounding, subjected to
radial electric fields are derived. For the limiting case of λ →
0, a low k analysis was performed for both m = 0 and m = 1
mode. The expressions obtained are,

1
2
s ∼ [γ − ε e EoR
],
6
4
2
s ∼ 2 [1 + ε e EoR
ln(k )],
3k

m=0

(25)

m =1

(26)

Equations (25) and (26) agree with the expressions derived
by Saville [16] under similar conditions. Radial electric field is
known to have a dual effect on axisymmetric perturbations,
stabilizing the long waves while destabilizing the short ones.

viscosity ratios, λ.
1) Without Electric Field
Firstly, results of the model without the presence of any
electric field are presented. Provide below are the
expressions of growth rate for axisymmetric (m = 0) mode
for the special case of viscosity ratio λ = 0, 1 and ∞. These
three viscosity ratios correspond to a non- viscous vacuum
surrounding, similar viscosity fluids and a non-viscous jet
respectively.

[k 2 − 1] / 2
K (k ) 2
(1 + k 2 − k 2 0 2 )
K1 (k )

λ = 0,

s=

λ = ∞,

s=

λ = 1,

s=

[1 − k 2 ] / 2
K (k )2
(1 + k 2 − k 2 0 2 )
K1 (k )

Fig. 1 Effect of radial electric field on m = 0 mode at λ=0.5

(21)

(22)

k[1 − k 2 ]
(I1 (k ) K 2 (k ) − I 0 (k ) K1 (k )) (23)
2

Equations (21), (22) and (23) agree with that derived
previously under same conditions by Rayleigh [36], Tomotika
[37] and Stone and Brenner [38] respectively. Similar to
axisymmetric mode, the growth rate expression for the
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Fig. 2 Effect of radial electric field on m = 1 mode at λ=0.5

On the other hand, asymmetric perturbations have been
shown to become more unstable with increasing radial field for
all wavelengths. The results obtained in the present work agree
with previous investigations as shown in figures 1 and 2.
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Fig. 3 Effect of λ on m = 0 mode at E0 = 3

Fig. 5 Effect of λ on sm for m = 0 and m = 1 mode at E0 = 3

With the scaling used in the present work, for the radial
electric field orientation the normal and tangential electric
stresses do not depend upon the dielectric constant ratio,
β = εe /εi
B. Effect of Viscosity Ratio in Presence of Radial
Electric Field
The effect of viscosity ratio λ on liquid-liquid jets when
subjected to radial electric field is now discussed. The analysis
is restricted to m = 0 and m = 1 mode of perturbation.
Figures 3 and 4 show the growth rate vs wavenumber plots
at different λ for m = 0 and m = 1 mode respectively
whereas fig. 5 shows the variation of maximum growth rate
(sm) with λ at E0 = 3. Figures 3 and 4 suggest stabilization
of both axisymmetric and asymmetric instability with
increase in λ. The maximum growth rate, sm for both m = 0
and m = 1 mode decreases with λ (Fig. 5).

Fig. 6 Operating diagram showing domains of pre-dominance of m =
0 and m = 1 modes for radial electric field

Fig. 6 shows that the m = 1 mode can only be realized in
the lower λ limit. Also, at λ values where m = 1 mode
dominates, a minimum threshold electric potential must be
provided to overcome the axisymmetric m = 0 mode. With
increasing λ this threshold electric field also increases,
however, this rule is only valid up to a certain critical λ above
which the m = 0 mode is always dominant.
IV. CONCLUSION

Fig. 4 Effect of λ on m = 1 mode at E 0 = 3

Thus it is seen that electric field and viscosity ratio have
opposing actions on the growth rates of the two modes
of instabilities. Radial electric field on one hand
destabilizes whereas viscosity ratio on the other stabilizes
these perturbations.
Additionally, the extent with which both these parameters
act is different for the two modes. Thus it is very important to
study the effect of electric field and viscosity ratio
simultaneously. To this end, an operating diagram
showing domains of predominance of the two modes for
any given value of E 0 and λ is presented in fig. 6.
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The current study presents the linear stability analysis on a
fluid jet immersed in another immiscible fluid and subjected to
radial electric field. The analysis reduces to the previously
reported results for axisymmetric perturbations in the
appropriate limits of the viscosity ratio and extends to include
asymmetric perturbations along with the effect of changing
viscosity ratio and applied electric field. While the effects of
electric field on fluid jets are already known, it is found that
even the viscosity ratio of the fluids was critically important in
deciding the most dominant mode of perturbation.
Increasing λ has a tendency to damp both axisymmetric
(m=0) and asymmetric (m=1) modes of instabilities,
however the effect is more pronounced for m = 1 mode as
compared to m = 0 mode. Thus as λ goes up, the threshold
electric field required to express m = 1 mode also rises. An
operating diagram to predict the pre-dominant mode at any
given value of electric field and viscosity ratio is presented.
This diagram can be of great help in correctly predicting the
operating conditions required to express any desired instability
for a particular application.
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APPENDIX
ELEMENTS OF THE MATRIX M
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